
 

jts05 

 

Differential Equations 

Equation Method 

)(xf
dx

dy
=  

Cdxxfxy += ∫ )()(  

)()(),( ygxfyxH
dx

dy
==  ∫∫ = dxxfdy

yg
)(

)(

1
 

)()( xQyxP
dx

dy
=+  Take ∫=

dxxP

eI
)(
, then multiply the differential 

equation by I and write it down in the form 

∫=



 ∫ dxxPdxxP

x exQexyD
)()(

)().(  then integrate  

Bernoulli’s Equation (E): 

nyxfyxh
dx

dy
)()( =+  with 2≥n  

Substitute nyu −= 1    then differentiate y in 

terms of u and replace y and y’ in (E) to get 

(E’): )()( xQuxP
dx

du
=+  

If differential equation can be written in the 

form 






=
x

y
F

dx

dy
 

Substitute y = ux xduudxdy +=⇒  or x = yv  

ydvvdydx +=⇒ , then transform the 

resulting equation into a separable equation 

If the differential equation (E): 

0),(),( =+ dyyx�dxyxM  is exact 

differential equation i.e. 
x

�

y

M

∂
∂

=
∂
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Note: 

If it is written as dyyxHdxyxG ),(),( =  

rewrite it as 0),(),( =− dyyxHdxyxG  

same as 0),(),( =+ dyyx�dxyxM  where  

),(),( yxGyxM =  and ),(),( yxHyx� −=  

Take 
y

F
�and

x

F
M

∂
∂

=
∂
∂

= . Then do the 

following 

1. )()( ygdxxyMF += ∫  

2. )(),( ygdxyxM
yy

F
′+









∂
∂

=
∂
∂

∫ and 

evaluate )(yg ′  

3. evaluate )(yg and plug it in 

)()( ygdxxyMF += ∫  

4. The implicit solution is F = c 

If the differential equation (E): 

0),(),( =+ dyyx�dxyxM  is not exact, 

turn it into exact by multiplying it with a 

specific integrating factor 

1. If 
�

�M xy −
is a function of x alone, 

then multiply (E) by 
∫=

−
dx

�

�M xy

ex)(µ   

2. If 
M

M� yx −
is a function of y alone, 

then multiply (E) by 
∫=

−
dy

M

M� yx

ey)(µ  

Reduction of order can be used to find the 

general solution of a nonhomogeneous DE 

)()(')(")( 012 xgyxayxayxa =++ whenever 

a solution 
1y  is known 

)()()( 12 xyxuxy = can be obtained directly by:  

dx
xy

e
xyy

dxxP
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Homogeneous equation of the form 

0012

)1(

1

)( =+′+′′++ −
− yayayayaya

n

n

n

n L

with constant coefficients 

Find the roots of characteristic equation 

• If roots are distinct and real then the 

solution is 
xr

n

xrxrxr nececececy L+++= 321

321  

• If roots are repeated and real then the 

solution is 
rxn

n excxcxccy )(
12

321

−++= L  

• If roots are complex i.e. 

ibaribar −=+= 21 ,  

Then the solution is 

)sincos( 21 bxcbxcey ax +=  

Nonhomogeneous equation of the form 

)(

012

)1(

1

)(

xf

yayayayaya n

n

n

n =+′+′′++ −
− L

 

The solution has the form pc yyy += where 

cy is the solution of associated homogeneous 

equation. Find py  by method of variation of 

parameters or undetermined coefficients 

To solve )(012 xgyayaya =+′+′′ using 

variation of parameters divide by 
2a  to get 

the 2
nd

 order DE )(xfQyyPy =+′+′′ and 

find 2211 ycycyc +=  

To find py , integrate WWu /1

'

1 = and 

WWu /2

'

2 = to get 1u  & 2u 2211 yuyuy p +=⇒  

where W is the Wronskian ( ))(),( 21 xyxyW , 

)(21 xfyW −= , and )(12 xfyW =  

)(xf  

1. Any constant 

2. 75 +x  

3. 23 2 −x  

4. 13 +− xx  

5. x4sin  

6. x4cos  

7. xe5  

8. xex 5)29( −  

9. xex 52  

10. mix 

Forms of py  

1. A  
2. BAx +  

3. CBxAx ++2  

4. DCxBxAx +++ 23  

5. xBxA 4sin4cos +  

6. xBxA 4sin4cos +  

7. xAe5  

8. ( ) xeBAx 5+  

9. ( ) xeCBxAx 52 ++  

10. mix  

Cauchy-Euler equation of the form 

)(0

11

1
1

1

xfya

dx

dy
xa

dx

yd
xa

dx

yd
xa

n

n
n

nn

n
n

n

=

++++
−

−
−

− L
 

Find the roots of auxiliary equation 

• If roots 1m and 2m are real and distinct 

then the solution is 21

21

mm xcxcy +=  

• If the roots are real and equal i.e. 

mmm == 21 , then the solution is 

xxcxcy mm
ln21 +=  

• If the roots are the conjugate pair  

βα im +=1  and  βα im −=2  then   

)]lnsin()lncos([ 21 xcxcxy ββα +=  



 

jts05 

 

Cauchy-Euler →DE with cte coefficients Substitute texxt =⇒= ln differentiate w.r.t. t 

When a linear DE has variable coefficients, 

find a solution in the form of infinite series Use Power series method where n

n

n xCy ∑
∞

=

=
0

 

Definition of Laplace of f(t) 

∫
∝

−=
0

)()}({ dttfetfL st = F(s) 

Laplace of a power function 
1

)1(
}{

+

+Γ
=

n

n

s

n
tL  

Laplace of the function, whose 

denominator can be written in factors. 

Use partial fractions 

Translation Theorem 

)()}({

)()}({

1 tfeasFLor

asFtfeL

at

at

=−

−=
−

 

Convolution of two functions 

∫ −=
t

dtgftgf
0

)()())(*( τττ  

Convolution Theorem 

)(*)()}().((

)}({).({)}(*)({

1 tgtfsGsFLor

tgLtfLtgtfL

=

=
−

 

Differentiation of Transforms )()}(.{ sFtftL ′=−  

Integration of transforms 
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To solve the systems of first order linear 

differential equations 

Write down in matrix form and use eigen value 

method 

Eigen values To find eigen values solve [ ] 0det =− IA λ                     

Eigen vectors To find an eigen vector, find V such that 

[ ] 0=− VIA λ  

If eigen values are distinct, then the 

solution is 
L++= tt eVceVctX 21

2211)( λλ  

If eigen values are repeated and you can’t 

find  linearly independent eigen vectors 
[ ]

[ ]

[ ]
( ) tt eWVtcVecXissolutionThe

VWIAthatsuchVFind

WtakethenIAif

WIAthatsuchWFind

λλ

λ

λ

λ

++=

=−









==−

=−
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2

2

0

1
0
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If the eigen values are complex iba ±=λ  

 

 

 

Find the eigen vector V for iba −  

Take biaVeX −=  then separate its real and 

imaginary parts 

The solution is a linear combination of the real 

and imaginary parts 

 


